Abstract This paper gives an introduction to a recently established link between the geometry of numbers and mixed integer optimization. The main focus is to provide a review of families of lattice-free polyhedra and their use in a disjunctive programming approach. The use of lattice-free polyhedra in the context of deriving and explaining cutting planes for mixed integer programs is not only mathematically interesting, but it leads to some fundamental new discoveries, such as an understanding under which conditions cutting planes algorithms converge finitely.
Introduction
Cutting plane techniques have always been one of the prominent topics in the theory of integer and mixed integer programming. We focus here on a treatment of some of the novel developments in this direction. Herewith we pursue the goal of understanding geometric principles that allow cutting plane algorithms to terminate finitely. To be more specific, the set of feasible solutions of a mixed integer programming problem attains the form
A. Del Pia, R. Weismantel where P is a polyhedron in R p+q , and p, q ∈ N, with p ≥ 1, q ≥ 0. By a polyhedron we always mean the solution set of a finite system of linear inequalities. We call a bounded polyhedron a polytope.
The mixed integer hull of P, that we denote by P I , is the set
where we denote by "conv" the convex hull. If q = 0 we refer to the mixed integer hull as the integer hull. In this survey we always denote by z the variables in R n = R p+q , by x the variables in R p , which are the variables subject to integrality constraints, and by y the variables in R q , which are the variables not required to be integer. We recall that a polyhedron is called rational if it is the solution set of a finite system of linear inequalities with rational data. The following follows from Meyer (see Meyer 1974; Schrijver 1986, Section 16.7):
Theorem 1 Let P be a rational polyhedron in R p+q . Then P I is a rational polyhedron.
Most of the research in mixed integer programming is dedicated to the question how to derive inequalities from a description of P that are satisfied by all the points in P ∩ (Z p × R q ). Such inequalities naturally define relaxations of P I in form of polyhedra that are contained in P and that contain P I .
In order to obtain polyhedra contained in P and that contain P I we use an operator introduced in Andersen et al. (2010) that may be viewed as a special disjunctive programming approach invented by Balas (1998).
More formally, given polyhedra P, L ⊆ R p+q , we denote by P\L the smallest closed convex set that contains P int L, where "int" denotes the interior (see Fig. 1 ). Hence if we denote by "conv" the closed convex hull,
It is easy to see that given polyhedra P, L ⊆ R p+q , then P\L ⊆ P. It will turn out that the set P\L is again polyhedral. This implies that such an operation can be also used iteratively. The question arises which polyhedra L one should use in order to approximate P I sufficiently well. This is the central question of our survey paper.
It is convenient to extend the definition of P\L for polyhedra P ⊆ R p+q , L ⊆ R p . In this case,
